THE BAIRE CLASSES
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Proposition 1. Let X be metrisable and 1 <é <{. Then Zg u Hg c A?. It follows that

we have the following diagram where every class is contained in all the classes to the
right of it.

0 0 0
AO 21 AO 22 AO zw AO
1 0 2 0 w 0 w+1
m o e,

Proof. Note that, as A? = Z? N H? is closed under complementation, it suffices to
prove that Zg c A? = Z? nl'[?. Also, as Zg S {UnenAn | Ap € Uyt Z?]} =19, we need
only verify that Zg c Z?.
Suppose first that A € Zg and ¢ = 2. Then we can write A = U,enyA, for some
Ay eUpee Hg S U<t Hg, showing that also A € Z?.
If instead A € Zg for £ =1, then A is open and thus also Fy, i.e., A € Zg c Z?. So
050
z = z c O
Since thus the classes 29, 1% and Ag are increasing with ¢ and the supremum of a

countable sequence of countable ordinals is < w1, one easily checks that their unions
over ¢ < wj are o-algebras, from which we get the following result.

Corollary 2. B(X)=Us<w; Zf = Ug<w; 1Y = Ug<wy AY-



